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The markets for longevity derivatives are 
starting to develop. In last years, many 
companies have closed the defined benefit 
retirement plans that they used to offer to 
their employees. In addition, some 
governments increased the retirement age 
by 2 or 5 years to take into account 
longevity improvements, population ageing 
and the financing of pension. The 
insurance industry is also facing some 
specific challenges related to longevity risk. 
More and more capital has to be 
constituted to face this long-term risk, and 
new regulations in Europe, together with 
the recent financial crisis only amplify this 
phenomenon. Hence, it has become more 
important for insurance companies and 
pension funds to find a suitable and 
efficient way to cross-hedge or to transfer 
part of the longevity risk to reinsurers or to 
financial markets. In this study, we develop 
the models of mortality rates and the 
pricing models of the longevity risk. We 
make some remarks regarding forecasting mortality rates using 
Lee-Carter model and own model. Also, we deal with the 
securitization of longevity risk through the longevity bonds (the 
straight bonds), the interest are split between the annuity provider 
and the investors depending on the realized mortality at each 
future time by a Special Purpose Company (SPC). 
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1. Introduction 
One of the largest sources of risk faced by life insurance
companies and pension funds is the longevity risk: the
risk that members of some reference population might
live longer on average than anticipated, affecting their
pricing and reserving calculations. The risk of outliving
one’s savings or other financial resources to cover
expenses during retirement could also be understood as
some sort of individual longevity risk. However, the term
aggregate longevity risk has been used rather to refer to
the additional uncertainty about changes in the
underlying patterns, and this particular risk can be
considered a major concern for insurers. 
Nevertheless, this risk should be carefully considered also
when dealing with insurance covers, especially within the
area of health insurance. In particular, the longevity risk
affects sickness benefits for the elderly (for example, post-
retirement sickness benefits) and long-term care (LTC)
annuities. A moving scenario, in which both future
mortality and future senescent disability are random,
constitutes the appropriate context for pricing and
reserving for LTC products. The impact of the longevity risk
o n  l i v i n g  b e n e f i t s  m u s t  b e  c a r e f u l l y  f a c e d .  R e i n s u r a n c e
policies and capital allocation can provide appropriate
tools to face this risk. Moreover, also the problem of
"locating" the longevity risk via a possible sharing between,
say, the annuity provider and the annuitant should be
carefully considered. 
The life expectancy of human beings has been increasing
significantly since the start of the 20th century, and this
trend does not show signs of slowing down. Strong,
sustaining changes of mortality, fertility, migration and
other factors have tremendously affected the age
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structures of most countries’ population, and a rapid 
increase of average individual lifetime is a predominant 
consequence. Looking forward, possible changes in 
lifestyle, medical advances and new discoveries in 
genetics are likely to make future improvements to life 
expectancy highly unpredictable as well. 
These unanticipated improvements have proved to be of 
greatest significance at higher ages, and have caused life 
offices (and pension plan sponsors in the case where the 
plan provides the pension) to incur losses on their life 
annuity business. The problem is that pensioners are 
living much longer than was anticipated, say, 20 years 
ago. As a result life offices are paying out for much longer 
than was anticipated, and their profit margins are being 
eroded in the process. The insurance industry is therefore 
bearing the costs of unexpectedly greater longevity. 
Exposure to longevity risk is therefore a serious issue, and 
yet, traditionally, life companies and pensions funds have 
had few means of managing it: until recently, longevity 
risks were never securitized and there were no longevity 
derivatives that these institutions could use to hedge their 
longevity risk exposures. However, this state of affairs is 
changing, and markets for longevity derivatives are 
starting to develop. Most prominent amongst these are 
longevity bonds (LBs). The idea of using the capital 
markets to securitise and trade specific insurance risks is 
relatively new, and picked up momentum in the 1990’s 
with a number of securitisations of non-life insurance 
risks. December 2003 saw the issue by Swiss Re of the 
first bond to link payments to mortality risk: specifically 
short-term, catastrophic mortality risk. A related capital 
market innovation, the longevity bond, provides life offices 
and pension plans with an instrument to hedge the much-
longer-term longevity risks that they face. Longevity bonds 
are annuity bonds whose coupons are not fixed over time, 
but fall in line with a given survivor index. Each year the 
c o u p o n  p a y m e n t s  r e c e i v e d  b y  t h e  l i f e  o f f i c e  o r  p e n s i o n  
plan decrease by the percentage of the population who 
have died that year. Also an important issue in actuarial 
theory is to study the ruin probability of an insurance 
company when the management has the possibility of 
investing in the financial market. Azcue & Muler, 2004, 
treated this problem assuming that part of the surplus is 
invested in the risky asset. 
Increased life expectancy indicates the possible risk of 
underestimating insurance premiums on the basis of 
period mortality tables for life annuity policies. The pure 
premium of annuity products calculated from a period 
mortality table can be as much as 50 percent lower than 
that calculated from a more accurate cohort life table. 
Actuaries must therefore use for pricing and reserving life 
insurance policies cohort mortality tables to compute pure 
premiums for annuity products. There are thus required 
(stochastic) mortality models or mortality projections. As to 
better manage longevity risk, prospective life tables, 
containing longevity trend projections are used. They 
prove to be very helpful for reserving in life insurance, in 
particular, and therefore they have to be regularly 
updated. Moreover, in addition to this risk of observing a 
significant change in the longevity trend, the insurance 
sector is facing some basis risk as the evolution of the 
policy holders’ mortality is usually different from that of 
the national population, because of some selection 
effects. This selection effect has different impacts on 
different insurance companies’ portfolios, as mortality 
levels, speeds of decrease and accelerations are very 
heterogeneous in the insurance industry. This makes it 
hard for insurance companies to rely on national indices 
or even on industry indices to manage their own longevity 
risk. Thus, understanding the dynamics of future mortality 
is very important for the actuary to pricing and reserving. 
Recent years have seen considerable developments in the 
modelling and forecasting of mortality rates. Pioneering 
work by Lee & Carter, 1992, has been supplemented by a 
variety of alternatives that might be considered 
improvements on the single-factor L-C model according to 
a variety of criteria (see, for example, Renshaw & 
Haberman, 2006, Blake et al., 2006). Loeys et al., 2007, 
developed a parametric model which incorporates both 
the effect of age on mortality and of underlying time 
trends on mortality rates so that the model captures the 
evolution of the mortality curve over time.  
The main impact of longevity risk on the net pension 
liabilities of employer-provided private pension plans is 
through their annuity payments. An annuity is an 
agreement for one person or organization to pay another 
(the annuitant) a stream or series of payments (annuity 
payments). Annuities are intended to provide the 
annuitant with a steady stream of income over a number 
of years, which can start immediately or in the future. The 
capital and investment proceeds are generally tax-
deferred. There are many categories of annuities. 
Longevity risk would have its larger effect on annuities 
that are fixed, deferred and for the lifetime of the 
annuitant once retirement age is reached. The impact on 
fixed period annuities, on the other hand, is less clear-cut. 
Moreover, the magnitude of the impact of longevity risk on 
annuity payments would depend not only on the type of 
annuity guarantees but on how pension funds account for 
improvements in mortality and life expectancy when 
calculating the net present value of annuity payments. 
Unfortunately, the impact of longevity risk is compounded 
as few pension plans account for future changes in 
mortality and life expectancy. Moreover, the task of 
assessing the best way to account for improvements in 
mortality and life expectancy is complicated by the lack of 
a common methodology to account for longevity risk. 
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2. Stochastic Mortality Models 
Mortality analysis has a long tradition in actuarial science. 
Conventional actuarial practice uses parametric 
graduation techniques to smooth out wild fluctuations 
when estimating probabilities of death for a given 
population. Graduation allows us to obtain a clear picture 
of the mortality curve, in other words the probability of 
death as a function of age (Wang, 2002). 
The prediction of mortality is a subject of great interest as 
a result of the persistent tendency of decrease of the 
mortality rates during the last century, respectively the 
effects upon the expenses of the social insurance 
systems. An approach in forecasting mortality rates was 
proposed by Lee & Carter, 1992, and was used initially for 
projections of the age-specific mortality rates in the United 
States. Specific to the Lee-Carter method is the 
extrapolation in perspective of the behavior recorded in 
the past. The resulted forecasts indicate the level of age-
specific mortality rates, in the assumption that the 
persistent trend of decrease of these rates will also 
continue into the future. The method consist in 
decomposing the age-specific mortality in two 
components, a time-varying index of mortality  t k  and a set 
of age-specific constants  x β . 
We use the following notations: 
•  () x Tt is the remaining lifetime of an x-aged 
individual in calendar year t, 
•  , x t L  is the number of individuals aged x alive on 
January 1 of year t, 
•  , x t D  is the number of deaths at age x during year t. 
•  , x t ETR  is the exposure-to-risk at age x during year t, 
•  () x qt  is the probability that an x-aged individual 
dies in calendar year t;  () () 1 xx p tq t =−  is the 
corresponding survival probability, 
•  , x t m  are the central death rates for age x in year t, 
they are estimated by ratio of  , x t D  and the total 
number of person-years lived in the interval 
[, 1 ) xx +  during calendar year t; 
•  () x t μ  is the mortality force at age x during 
calendar year t. 
We assume that  () ( ) xx tt ξ μτ μ + +=  for 0,1 ξ τ ≤<  and 













In the classical model (Makeham), it is stated that: 
  ()
x
x tt t ta b c μ =+⋅ (1) 
In the Lee-Carter model, it is stated that: 
  () () () ˆ ln ln xx x tt t μμ ε =+ , (2) 
where  () () exp x xx t tk μα β =+ ⋅ ; the error terms 
() x t ε ()
2 ~0 , N σ ;  x α  is the mean of  () x t μ , age 
specific parameter that indicates the average level of 
mortality;  t k  is a time specific parameter that is an index 
of the level of mortality;  x β  is an age specific parameter 
that indicates the responsiveness of each age to the 
time parameter t k . Some ages decline in mortality 
quicker than others (Denuit et al., 2007). Parameters 
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Let Z be a matrix () ( ) max min max min 11 xx tt −+ × − +  with 
the elements given by  () ˆ ˆ ln xtxx zt μ α =− . Let u1 
(respective v1) a normed eigenvector of  t Z Z ⋅  (respective 
t Z Z ⋅ ) corresponding to the maximal eigenvalue  1 λ . We 
estimate parameters β and k with the decompozition 
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In the second step, with the estimates from the first step, 







DE T R e
αβ +⋅ =⋅  . (5) 
Renshaw & Haberman, 2006, generalised the Lee-Carter 
model including a cohort effect as follows: 
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  ()
() () 12 ln x xxtxt x tk μ α ββ γ − =+ ⋅ + ⋅ . (6) 
An autoregressive-integrated-moving average model 
(ARIMA) is fitted for the time series  t k  (Cox et al., 2005). 
Lee & Carter used a random walk  1 tt t kk d e − =+ + , where 
d is the annual average transformation, and the errors are 
uncorrelated. The purpose is to obtain predictions 
ˆ , 1,2,... Th kh + =  for the estimated mortality to horizon h.  
3. Securitization of Longevity Risk  
through the Bonds 
The first bond with cash flows linked to the realization of a 
composite mortality index,  t M , was the Swiss Re bond 
issued in December 2003 (Blake et al., 2006a). This bond 
had a maturity of three years, a principal of $400m, and 
offered investors a floating coupon of LIBOR+135 basis 
points. In return for this coupon rate, the principal 
repayment is dependent on the realized value of a 
weighted index of mortality rates,  t M  (a weighted average 
of mortality rates over 5 countries, males and females, 
and a range of ages). The principal is repayable in full only 
if the mortality index does not exceed 1.3 times the 2002 
base level during any year of the bond’s life, and is 
otherwise dependent on the realized values of the 
mortality index (Fledelius et al., 2004). The bond was 
issued through a special purpose vehicle (SPV) called Vita 
Capital: this was convenient from Swiss Re’s point of view 
because it kept the cash flows off-balance sheet, but also 
helped to reduce the credit risk faced by investors. 
The main characteristics of this bond can be summarized 
as follows: 
•  The bond was designed to be a hedge to the issuer. 
•  The issuer gains if  t M  is extremely high (the buyer 
gains if  t M  is not extremely high). 
•  The bond is a short-term bond designed to protect 
the issuer against an extreme increase in mortality, 
such as that associated with an influenza pandemic. 
•  The bond is a standard coupon-plus-principal bond 
in which the coupons float with LIBOR and only the 
principal is at risk from a mortality deterioration 
that might occur during the period until the bond 
matures, and it is the spread over LIBOR that 
compensates the holder for allowing the principal 
to be at risk. 
The first two points imply that the bond is a hedge against 
a portfolio dominated by life insurance / reinsurance 
(rather than annuity) policies. The precise payment 






















, % 1 , 0 max
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, (7) 
where  j L  is the loss function (Blake et al., 2006b). 
Now, we develop a mathematical model to calculate the 
premium and the price paid by the insurers and investors. 
Let S be the compensation paid to the insurer for each sur-
vivor annuitant over the estimated number,  t B  the number 
of compensations (benefits) granted,  s N  the threshold for 
the number of living annuitants,  0 x l  the number of annui-
tants aged x0 at the initial moment,  0 x t l +  the number of 
annuitants alive at the time moment t,  0
ˆ
x t l +  the estimated 
number of annuitants alive at moment t. The insurer is at 
risk of systematic biases between  0 x t l +  and  0
ˆ
x t l +  taking 
into account the fact that premiums are calculated based 
on the estimated number (usually the average number). 
These are the losses of the insurer at time t. These da-
mages may be limited by the so-called securities (straight 
bonds, i.e. bonds with no other incentives for the investor 
than the annual interest coupon along with the promise to 
repay the nominal value at the ransom date). They are 
called longevity bonds because they have the interest rate 
inversely proportional to the excess number of survivors. 
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. 
The scheme to limit the losses of the insurer and the in-
vestment in bonds is made through a special purpose 
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company (SPC), i.e. a government company specially 
created to issue and sell bonds (Levantesi et. al, 2008). In 
exchange for a premium P from the insurer, SPC ensure 
its support with the amount  t SB ⋅ , where 




ˆ ,      if   
ˆˆ , 0<
ˆ 0,                    0
sx t x t s
















The compensation scheme is presented in Figure 1. 
We denote by: N the number of bonds sold, P the 
premium paid by the insurer, W the total value of the loan 
bond,  V the price paid by the investors (the nominal 
value). 
The profitability of the operation requires P VW +≥ , 
and we will consider a nonprofit operation, i.e. 
PV W += . Let SF be the principal (the amount of the 
loan at maturity) and  () 0, dt  be the discount factor at 
moment 0 of the amount at time t (for example, 
() ( ) 0, 1 1
t dt i =+ , where i is the interest rate). The total 
amount paid by the clearing house at moment t is 
tts t SB ND SN C C ⋅+⋅= ⋅ ==, we will consider this 
cash-flow constant (the value divided between the insurer 
and investor). We have: 






WS F d o t C d t
=
=⋅ + ⋅  . (10) 
If  00
ˆ
x tx t ll ++ > , then the insurer registers the loss 
  () ( ) 00
ˆ
x tx t Loss t S l l ++ =⋅ − . (11) 
If the insurer pays for the bond issue, then its loss is 
reduced by the received compensation 
() ()
LB
t Loss t Loss t S B =− ⋅ (in our hypotheses it cancels). 







PS E Bd t
=
=⋅ ⋅  , (12) 






VS F d T N E Dd t
=
=⋅ + ⋅ ⋅  , (13) 
where the expected values are taken for the estimated 
risk. 
4. Conclusions 
The European insurance industry will soon have to comply 
to some new solvency regulations, namely Solvency II, that 
will be effective by late 2012 and certainly enhance the 
development of alternative risk transfer solutions for 
insurance risk in general and for longevity risk in 
particular. Those regulations and standards lay the 
emphasis on the way risks endorsed by an insurance 
company should be handled in order to face adverse 
economic and demographic situations. Thus, the pricing 
methodologies for insurance related transactions, and in 
particular longevity linked securities will be impacted as 
more and more alternative solutions appears in the 
market. Today, the longevity market is an immature and 
incomplete market, with an evident lack of liquidity. 
Standard replication strategies are impossible, making the 
classical financial methodology not applicable. In this 
case, indifference pricing, involving utility maximization, 
seems to be a more appropriate point of view to adopt. 
Besides, due to the long maturities of the underlying risk, 
the modeling of long term interest rate becomes also 
unavoidable and adds to the complexity of the problem. 
Mortality forecasts are needed as inputs for economic, 
fiscal, environmental, and social policy planning. They are 
needed also by insurance companies for pricing of and 
reserving for annuities and pension products as accurately 
as possible. However, many of the official mortality 
forecasts have turned out to consistently underestimate 
the experienced decline in mortality. No model for 
mortality prediction can ever be judged “correct”. Any 
forecast must, implicitly or explicitly, choose the degree to 
which the future trend is assumed to continue the past 
trend, and the degree to which the future variation about 
the trend will be similar to past variation. Often the implicit 
assumption in time-series modeling is that these will be 
alike. Advantages of Lee-Carter approach are: easy 
interpretation of the parameters, the influence of the 
calendar time is summarized in a single index and it 
suffices to extrapolate the  t k  series in the future to get 
the projected lifetables and it can be interpreted using 
mortality reduction factors. But, the errors have been 
assumed to be homoskedastic, and that is unrealistic 
because the logarithm of the observed force of mortality is 
much more variable at older ages than at younger ages. 
The dynamics of the model parameters for different 
 
  
Figure 1. The compensation scheme 
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models have, almost as a rule, been modeled using a 
random walk with drift. This can be a reasonable choice; 
however, a more general ARIMA model could possibly 
provide a better fit, at least for some datasets. Mortality 
rates influence the annuities values and reserves, thing 
that may lead to insufficient funds or excess of liquidities. 
Prospective life tables, containing longevity trend 
projections must be used. They prove to be very helpful for 
reserving in life insurance in particular and therefore they 
have to be regularly updated. There remain a number of 
potentially valid stochastic models, and that the choice of 
a model depends also on the priorities of the model user, 
together with the intended use of the model. In this 
regard, differentiating between individual and aggregate 
or cohort longevity risk can be of help. Individual risk is 
associated to each individual and it can be easily offset by 
pooling risks. Therefore, it would be more efficiently 
undertaken if assumed by pension funds, as they are best 
placed to pool individual specific risks. The aggregate or 
cohort risk, on the other hand, is more difficult to address 
or hedge against. Therefore, this risk is more open to be 
shared by pension funds and individuals by indexing 
benefits to cohort longevity changes. Using mortality 
tables differentiating according to socio-economic could 
give raise to problems of discrimination. Arguments in 
favor of differentiating tables include that using an 
average life expectancy index penalizes people with higher 
life expectancy favoring people with lower life expectancy. 
There is a clear advantage from using a common 
methodology to forecasts mortality rates and life 
expectancy. However, assumptions regarding the overall 
populations rather than the specific membership 
populations of private pension plans may not be of much 
use to them. Governmental agencies could produce 
forecasts for the entire population and for different 
subgroups according to gender, age, income and 
educational level. Hence, different pension funds could 
use the corresponding sub-population that matches its 
current membership structure more closely. 
 
References 
1.  Azcue, P. & Muler, N. (2009) “Optimal investment strategy to minimize the ruin probability of an 
insurance company under borrowing constraints”, Insurance: Mathematics and Economics, vol. 44, issue 
1: pp. 26-34. 
2.  Blake, D., Cairns, A., Dowd, K. & MacMin, R. (2006a) “Longevity Bonds: Financial Engineering, Valuation 
and Hedging”, Journal of Risk and Insurance, vol. 73, issue 4: pp. 647-672. 
3.  Blake, D., Cairns, A.J. & Dowd, K. (2006b) “Living with Mortality: Longevity Bonds and Other Mortality-
Linked Securities”, British Actuarial Journal, vol. 12, issue 01: pp. 153-197. 
4.  Cox, S., Lin, Y., & Wang, S. (2005) “Pricing longevity bonds" paper presented at The 1st International 
Conference on Longevity Risk and Capital Market Solutions, London, Cass Business School, February 20-
21. 
5.  Denuit, M., Devolder, P. & Goderniaux, A. C. (2007) “Securitization of Longevity Risk: Pricing Survivor 
Bonds with Wang Transform in The Lee-Carter Framework”, The Journal of Risk and Insurance, vol. 74, 
issue 1: pp. 87-113. 
6.  Fledelius, P., Guillen, M., Nielsen, J.P. & Vogelius, M. (2004) “Two-dimensional Hazard Estimation for 
Longevity Analysis“, Scandinavian Actuarial Journal, vol. 2004, issue 2:pp. 133–156. 
7.  Lee, R.D. & Carter, L.R. (1992) “Modeling and forecasting the time series of U.S. mortality”, Journal of the 
American Statistical Association, vol. 38, no. 419: pp. 659 – 671. 
8.  Levantesi, S., Menzietti, M. & Torri, T. (2008) Longevity bond pricing models: an application to the Italian 
annuity market and pension schemes, available on-line at http://www.italian-actuaries.org/, accessed: 20 
December, 2010. 
9.  Loeys, J., Panigirtzoglou, N. & Ribeiro, R.M. (2007) Longevity: a market in the making, JPMorgan Research 
Paper, available at http://www.jpmorgan.com/lifemetrics, accessed: 10 December, 2010. 
10.  Mircea, I., Todose, D. & Serban, R. (2010) “Hedging against longevity risk: applications to Romanian 
annuity market and pension schemes“, paper presented at 5
th International Conference on Applied 
Statistics, Bucharest, National Institute of Statistics, November, 19-20. 
11.  Renshaw, A.E. & Haberman, S. (2006) “A cohort-based extension to the Lee-Carter model for mortality 
reduction factors”, Insurance: Mathematics and Economics, vol. 38, issue 3: 556–570. 
12.  Wang, S.S. (2002) “A universal framework for pricing financial and insurance risks”, ASTIN Bulletin, vol. 
32, no. 2: pp. 213-234. 
   
210